The electronic structure of bilayer graphene under pressure develops very interesting features with an enhancement of the trigonal warping and a splitting of the parabolic touching bands at the K point of the reciprocal space into four Dirac cones, one at K and three along the T symmetry lines. As pressure is increased, these cones separate in reciprocal space and in energy, breaking the electron-hole symmetry. Due to their energy separation, their opposite Berry curvature can be observed in valley Hall effect experiments and in the structure of the Landau levels. Based on the electronic structure obtained by Density Functional Theory, we develop a low energy Hamiltonian that describes the effects of pressure on measurable quantities such as the Hall conductivity and the Landau levels of the system.
I. INTRODUCTION
Although the electronic structure of graphene has been known for more than half a century, it was the pioneer work of Novoselov and Geim in 2004 what triggered an impressive scientific and technological activity in this two-dimensional system.
1 Indeed the exceptional characteristics of graphene were fully revealed only after its systematic isolation, characterization and the first studies of its unusual mechanical, optical and transport properties.
2-10 The band structure 11 includes two points at the corners K and K ′ of the Brillouin zone (BZ) that engender the peculiar low energy properties of the material. In fact, the low energy excitations around these points-the Dirac points-are described by chiral quasiparticles behaving as massless Dirac fermions leading to a number of remarkable phenomena.
3, 10, 12, 13 Bilayer graphene (BLG) in the Bernal stacking consists of two graphene layers where only one of the two carbon atoms of the unit cell of the top layer lies on top of an atom of the bottom layer. The bilayer unit cell has four carbon atoms leading to four π-bands. Two of them touch each other at the Dirac points, having a parabolic dispersion relation with opposite curvature around it, which results in a zero band gap semiconductor. This simple-looking band structure wraps surprising properties that make BLG an exciting material from the point of view of exploring new physics and because of its potentials for technological applications.
The unique features emerging from the BLG electronic structure are due to different properties of the material. On the one hand an electric field perpendicular to the layers generates a tunable band gap, [14] [15] [16] [17] a required effect to engineer carbon-based semiconducting devices. On the other hand, from the topological point of view, 18, 19 the Bloch wavefunctions of BLG present a rich behavior. Indeed by combining these two properties, the detection of the predicted generation of pure valley currents, 20 or valley-Hall effect, 21 has been recently reported. 22 The topological properties are determined by the Berry phase resulting from the winding of the phase of the Bloch wavefunction along a close path around the Dirac point. 18, [23] [24] [25] The consequences of a non-trivial Berry phase are diverse, in particular the mentioned valley-Hall effect results from the Berry curvature. In the presence of an external magnetic field, the structure of the Landau Levels (LLs) with a two-fold orbital degeneracy of the topologically protected zero energy (n = 0) levels of each valley is also due to the structure of the Berry phase.
Trigonal warping effects on BLG have also been extensively studied.
3, [26] [27] [28] They change the spectrum at low energies qualitatively generating four Dirac cones with zero energy around the K and K ′ points of the BZ. This is however a very small correction changing the spectrum in an energy range of a few meV around the Dirac points. It has been shown that distortions of the structure of BLG can be used to control and enhance the splitting of the parabolic band-contact point into the four cones that move away from the Dirac points. 29, 30 The way this splitting occurs is associated to topological invariants that define the LLs spectrum in the presence of an external magnetic field 31 unveiling the richness of the electronic properties of BLG.
Here we present results for BLG under high pressure. We show that pressures in the range of 10 to 100 GPa modify in a substantial way the band structure around the Dirac points with the corresponding change of the wavefunctions and its topology. This is so because pressure changes the interlayer distance increasing the cou-pling between layers. In the resulting band structure, the two parabolic bands evolve to generate four Dirac cones. One of them, with a marked trigonal warping is centered at the K (K ′ ) point and three elliptic cones move away towards the Γ point. The new ingredient, which has been overlooked in the past, is the breaking of the electron-hole symmetry. The energy of the trigonal cone apex at K is smaller than the energy of the apex of the three elliptical ones. This difference can be of the order of 0.1 eV and the Fermi surface of neutral BLG under pressure consists of small electron and hole pockets. In such a case, a large enough electric field opens an indirect gap. In other words, pressure induces a Lifshitz transition changing the nature of the Fermi surface that, depending on doping, may include electron and hole pockets, each one having a characteristic topological invariant (winding number). Although the pressure needed to observe these effects is rather high, this is still in the experimentally accessible range as, for small samples, diamond anvil cells can reach pressures 32 much higher than the ones used in the present work.
We present the band structure and its evolution with pressure as obtained with Density Functional Theory (DFT). In particular, we analyze in detail the effect of pressure around the K and K ′ points of the BZ and present a tight-binding model that properly describes this effect. The microscopic parameters are obtained by fitting the DFT bands. We show that while the resulting electronic structure is topologically trivial, in the presence of an electric field the bands acquire a Berry curvature that lead to a non trivial pressure dependent valley Hall effect. We also present results for the LLs of BLG under pressure in the presence of an external magnetic field. These effects can be measured, adding to the rich behavior shown in BLG without pressure.
33

II. DFT CALCULATIONS
We will assume the Bernal stacking for which the unit cell has four carbon atoms, two in each plane. One of them is directly on top of an atom in the other plane (labeled A 1 and B 2 in Fig. 1 ) while the other two are on top of the hexagonal hole of the other plane (labeled A 2 and B 1 in the figure). We use DFT to determine the change of the atomic positions and the corresponding band structure with pressure, assuming that the effect of pressure is to reduce the distance between planes. To test the validity of this approximation, we used a more refined protocol considering that the isotropic pressure exerts equal force on each atom. This procedure is implemented by fixing the distance between atoms A 1 and B 2 and changing symmetrically the position perpendicular to the layers of atoms A 2 and B 1 (those opposed to the hexagon center on the other layer) until the force on them becomes equal to the force on the fist pair. This procedure provides the structure corresponding to a uniform stress. We found that the difference between the results of this more re- fined procedure and those obtained using the rigid plane configuration was less than 0.025Å at the largest pressure considered, leading to a negligible effect on the band structure. In what follows we present results from both procedures indistinguishably. The conversion from plane separation to pressure was determined from the forces on the atoms.
The DFT calculations were done using a plane wave basis set as implemented in the VASP code [34] [35] [36] [37] with an energy cutoff of 450 eV. The core electrons were treated with a frozen Projector Augmented Waves (PAW) scheme. 38, 39 The exchange and correlation functional was approximated with a simplified Generalized Gradient Approximation (GGA) as parametrized by Perdew, Burke, and Ernzerhof (PBE). 40, 41 Spin polarized calculations showed that in the range of experimentally accessible pressures the system is non-magnetic. Spin-orbit coupling was not includes in this first runs. Given that the distance between the planes was a controlled parameter, not derived from total energy minimization, the functional did not include van der Waals corrections. Additional calculations were carried out to determine if the Bernal stacking is still the most stable BLG arrangement under pressure. We found that the Bernal stacking always corresponds to the minimum energy configuration-we will limit to this case from hereon. However, it is worth mentioning that a configuration with a lateral displacement with two top atoms symmetrically placed on top of a hexagon is very close in energy (∆E = 15 meV/atom at 71 GPa).
The important changes in the electronic structure of the bilayer under pressure occur in a very small region around the K point, which imposes a challenge to the numerical sampling of the Brillouin zone. A sampling of 300×300, that in many cases would be enough to guarantee convergence in terms of BZ integration, is not enough to produced a reasonable determination of the Fermi level in the bilayer under pressure. To overcome this issue we used a non-uniform sampling with the equivalent of a 3000 × 3000 sampling in the neighborhood of the K point and a 300 × 300 grid in the rest of the BZ.
The band structure of BLG in the Bernal stacking is shown in the bottom panel of Fig. 1 for the lowest and highest pressures considered in this work. Around the K and K ′ points of the BZ, there are four low energy bands. At zero pressure, two bands touch with a parabolic dispersion relation at the Fermi level and two are separated by an energy proportional to the inter-plane hopping matrix element (t ⊥ ). As pressure is increased, the latter two bands separate more and more from the Fermi level, while the other two undergo a trigonal warping.
To display this trigonal warping in more detail, we plot the band structure for increasing pressure in the top panel of Fig. 2 . With increasing pressure the parabolic dispersion relation of the low energy bands becomes a set of four Dirac cones, 42 one that remains at K and three that shift in reciprocal space along the T path of the BZ. The energy of the Dirac points along the T lines increases with increasing pressure with respect to the point at K, reaching a value close to 100 meV at the highest pressure considered. A three-dimensional view of the bands at this pressure is shown in the bottom panel of Fig. 2 .
The trigonal warping was mentioned before in tight binding models of the BLG.
3, 43, 44 However, in all this models the Dirac cones along T remain at the same energy as the cone at K. As it is evident from the DFT results, with pressure there are extra ingredients that are missing in these tight binding representations. These important parameters are discussed in the next section where we present our tight binding model. The notable effect to be included is the electron hole symmetry breaking that enables the possibility to observe the Dirac cone splitting. Among its consequences are the charge transfer between sublattices A and B as well as the unveiling of interesting and measurable topological effects. 
III. TIGHT BINDING MODEL
A tight-binding approximation for the four bands close to the Fermi level of BLG has been discussed previously in the literature. 43, 44 We will use it now to describe the effect of pressure. As the latter increases, we will see that the hopping integral t 4 between atoms A 2 and A 1 (see Fig. 1 ) plays an increasingly important role: it is responsible for the electron-hole symmetry breaking and consequent energy separation of the Dirac cones at T with respect to the cone at K. This important effect has been overlooked in the literature so far, mainly because the effect is negligible at low pressure.
The four bands around the Fermi level, which derive from the p z orbitals, are described by the Hamiltonian H = H 1 + H 2 + H 12 where the first terms describes the electronic structure of the two graphene layers and the last one includes the inter-plane coupling
with i = 1, 2. Here, a ikσ and b ikσ destroy electrons with wavector k and spin σ in sublattices A and B of the ith plane, respectively, ε is the energy due to the charge transfer between the two sublattices on each plane, and we have included an electric field perpendicular to the BLG plane described by V . The matrix element t corresponds to the intra-plane hopping and
with the carbon-carbon distance a = 1.42Å . The interplane coupling is described by
Hence, for each value of the wave-number k, we have a 4 × 4 Hamiltonian H k given by
T and eigenvalues E n (k) with n = 1, 2, 3, 4. This Hamiltonian, including t 4 has been written before 45 to study spin-orbit effects of BLG at zero pressure.
The low energy excitations with crystal momentum around the K and K ′ points of the BZ can be described by an effective two band Hamiltonian. The latter is obtained by eliminating the bands that are shifted from the Fermi energy by t ⊥ . As pressure increases t ⊥ also increases improving the range of validity of the approximation. Since we are interesting in describing the bands near the K point, we can measure k from K = (1,
where I is the unit matrix, σ = (σ x , σ y , σ z ) with σ i are the Pauli matrices,
and h = (h x , h y , h z ) with
Here η = 3t 3 a/2 and α and β are functions of microscopic parameters t, t ⊥ , t 3 and t 4 . In the lowest order in V and ε we obtain
and β = 9a
We have obtained the parameters of this effective twoband Hamiltonian by fitting the bands of the DFT calculations in the region around the K point. The results are provided in Table I and the resulting tight-binding bands are compared with the DFT-obtained bands in Fig. 2 . Also in the table, we quote the results of measurements of the band structure of the BLG at normal pressure. All values of the parameters given in Table I are plotted in We do not show calculated values at normal pressure because in his case, the inclusion of van der Waals corrections are very important. For higher pressures, the energy is dominated by the Pauli repulsion between planes and the absence of this corrections does not introduce any significant error.
Given this effective Hamiltonian, we can obtain the location of the four Dirac cones by finding the points in the BZ where h x = h y = 0 (assuming V is the smallest energy scale). One of the Dirac cones is always at k = (0, 0) and the other three are at k = T i with i = 1, 2, 3 and
By linearizing the effective Hamiltonian H eff k for a small separation q from these points we reveal the band structure at these Dirac cones and obtain expressions that facilitate the evaluation of its topological properties and their consequences. Around k = (0, 0) (K point) we then have
which gives the following eigenenergies
Similarly, around T 1 we find that
and the corresponding eigenenergies
Expressions for T 2 and T 3 are similar and can be obtained by symmetry considerations or by direct calculation.
It is clear from Fig. 2 that there are four characteristic energies that define the low energy band structure (taking V = 0): E ± K (0) = −ε, corresponding to the apex of the Dirac cone centred at K, the energy E ± T1 (0) of the apex of the cones shifted from K and the energies E sv and E sc of the saddle points (relative minimum and maximum) of the valence and conduction bands, respectively. These four energies divide the energy-pressure plane in five different regions (see Fig. 4 ). In each of them the surface of constant energy consists of different pieces with different topological properties. For neutral BLG, the Fermi energy is larger than E ± K (0) and smaller than E ± T1 (0) and the 2D Fermi surface consists of an electron pocket centred at K and three hole pockets centred at T 1 and its symmetrically equivalent points. The same occurs around the K ′ point of the BZ. Comparing the band energies at K and at T 1 we obtain
which is proportional to t 4 . This lead us to an important point: without including this term in the tight binding model, the trigonal warping does not separate the cones in energy and leads to the wrong conclusion that their individual properties would not manifested in transport or spectroscopic experiments. This is not the case as we show in the following sections.
IV. BERRY CURVATURE AND VALLEY HALL EFFECT
The interesting band topology of BLG unveiled by the effect of pressure offers a unique possibility to study valley polarization and the valley Hall effect. 21 In contrast to the graphene case, this system only requires to apply a small electric field perpendicular to the bilayer to reveal this phenomena. In this section we will use our previously developed tight-binding model to evaluate the Berry curvature of the bands and the transverse conductivity as a function of pressure. With the four band Hamiltonian of Eq. (4), the Berry curvature of the n-th band is given by
This expression, however, requires a simple but nonetheless unnecessary numerical work. Since the Berry curvature is concentrated around the location of the Dirac cones, we can use the two band approximation of Eqs. (5), (6) , and (7) to calculate the Berry curvature of these bands. 49 In this case
where
The intrinsic contribution to the anomalous Hall effect is given by
Given that the curvature is substantially large around the conical intersections compared with its value around other regions of the BZ, we can use the approximated expressions around K and T 1 to simplify this expression.
To a good degree of approximation this conductivity can be calculated as
where we have used the symmetry of the three T i points and have defined
and
The integration around the K point can be done analytically at zero temperature using the approximation (obtained from Eq. (18))
so that its contribution to the conductivity results
where µ is the chemical potential. Around T 1 we can use that
In this case, however, the presence of q x outside the square root in the energy, Eq. (14), makes the integration rather difficult. Nevertheless, the contribution to the conductivity from this region of the BZ can be approximated as (26) where
β 2 is the center of the band gap opened by the perpendicular electric field.
We can now calculate the expected variation with applied pressure of the total intrinsic contribution to the anomalous Hall conductivity as a function of the chemical potential as shown in Fig. 5 . In this figure we see that with increasing pressure the contribution from the cones at the T i points moves to higher energies and produces an anomalous Hall conductivity that is three times larger, and of opposite sign, than the contribution (observed at lower µ) produced by the cone at K. Close to zero pressure, our approximations are bound to be worst because the Dirac cones at T 1 are closer to K. However, in this figure it is clear that the anomalous conductivity as the pressure becomes smaller tends the values for BLG at zero pressure. 33 This dramatic change with pressure, made possible by the electron-hole symmetry breaking, can have interesting applications as a very sensitive pressure gauge. Apart from the already interesting phenomena of the direct observation of a valley hole effect in BLG, it is important to highlight that the signature of this effect will be the ratio of 3 to 1 as the chemical potential is swipes though the gaps at K and T 1 .
V. LANDAU LEVELS
The LLs in BLG have received much attention during the last decade. 50, 51 The simplest description in the absence of electric fields predicts a spectrum with two-fold zero energy states (per spin) for each one of the Dirac cones at the K and the K ′ points of the BZ. The trigonal warping, given by the parameter β (that preserves the electron-hole symmetry), strongly modifies the spectrum at low fields. In fact, as we showed in the previous sections, this perturbation modifies the parabolic bands around the Dirac points leading to four degenerate cones in each corner of the BZ. As a consequence, for low magnetic fields the zero energy states at K (K ′ ) have a fourfold degeneracy (per spin). Pressure breaks electron-hole symmetry shifting the energy of the cones and removes some of the degeneracies of the low energy LLs. Moreover, as we show below, all states have a field dependent energy. The robustness of the zero energy LL characteristic of monolayer and multilayer graphene is lost in the high pressure regime.
To calculate the Landau Levels of BLG under pressure we proceed as in Refs. [30] and [52] . In the continuous limit and in the presence of an external magnetic field B the canonical momentum p must be replaced by Π = p + eA (r) where A (r) is the vector potential describing a magnetic field perpendicular to the graphene layers. We use units such thath ≡ 1 ≡ c. 
In what follows we use the Landau gauge A (r) = (0, Bx). Then, the effective two band Hamiltonian takes the form
As usual, in the base of Landau functions ψ (x, y) = e iky ϕ n (x) the harmonic oscillator operator satisfŷ
With the minimum inter-plane coupling, α = η = 0 and the charge transfer energy ε = 0, the model reduces to the simplest model used to describe BLG at room pressure. In this case the LLs spectrum contains a zero energy doublet and states with energies E n ± = ± n(n − 1)hω c with n ≥ 2 andhω c = βλ 2 . The corresponding wavefunctions are
(29) For small pressure the LLs energies are shifted by a first order correction due to the α-terms in Hamiltonian (27) . These corrections break the electron-hole symmetry and lift the degeneracy of the zero energy modes. The firstorder corrected spectrum has E 0 = 0, E 1 = αλ 2 and, for n ≥ 2, E n = ± n(n − 1)hω c + (2n − 1)αλ 2 . This effect can be observed in Fig. 6(a) . Further second order corrections due to the η and α terms were also evaluated. However, as the pressure increases, perturbation theory is not enough to account for the evolution of the LLs spectrum. The numerically obtained spectrum for different pressures is shown in the left panels of Fig. 6 . For high pressures and low energies (E sv < E < E sc ) we can get some insight into the structure of the LLs spectrum by assuming the presence of four independent Dirac cones, centered at the K and T i points. The corresponding spectrum is given by E K,n = E K,0 ± C 1 √ Bn and E T1,n = E T1,0 ± C 2 √ Bn where C 1 and C 2 are constants. While the structure of the so obtained LLs spectrum is similar to the numerically obtained results, there are important differences (see Fig. 7 ). First, in the numerical results, it is evident that the energies of the n = 0 LL states of the four cones are no longer field independentquantum corrections for the low n states are important even for small fields. In addition, there are anticrossings that cannot be captured by in a picture that treats the cones independently. We also notice that as the energy of the upper cone LLs approach the saddle point energy E sv , the three fold degeneracy is lifted. These last effects are due to the magnetic breakdown, i.e. Landau-Zener tunneling mixing the states of the different cones.
A similar and more qualitative analysis can be done by resorting to the Onsager's semiclassical quantization rule. 53 This rule sates that the area enclosed by orbits in k-space are quantized according to the following condition
Here E m is the energy of the orbit and γ is a constant (0 ≤ γ < 1) independent of the quantum number m. Onsager's semiclassical approach is well justified for large m only. However, for the sake of comparison, we shall use it without restriction, including the m = 0 states. Concerning the quantization condition of Eq. (30) it was recently shown that, in two band materials like the one under consideration, the constant γ is given by the pseudo-spin winding number w C which is 1/π times the Berry phase obtained along the close orbit
After evaluation the areas as a function of the energy and calculating the winding numbers corresponding to the different constant energy close-orbits, we invert Eq. (30) to obtain the semiclassical spectrum. The comparison of the semiclassical and the numerical results shown in Fig. 8 is quite good for not too small values of n. The LLs corresponding to small n do not follow Onsager's rule. Moreover, the numerical results show that all LLs have a field dependent energy showing that in the presence of the electron-hole symmetry breaking parameter α the stability of the zero-modes LL is lost. Finally, the LLs spectrum in the presence of a perpendicular electric field V = 50meV is shown in Fig. 9 for different pressures. With the minimum inter-layer coupling (t 3 = t 4 = 0), any electric field opens a gap and the LLs spectrum displays such a gap with a set of LLs associated to the conduction band, whose energies increase with increasing magnetic field, separated from those corresponding to the valence band with opposite slope. As the pressure increases the gap decreases and for a given (electric field dependent) critical pressure the gap closes as a consequence of the band crossing as discussed in the previous section.
VI. SUMMARY AND CONCLUSIONS
We have shown that upon the application of pressure the low energy band structure of BLG undergoes an interesting transformation. Two parabolic bands touching at the K point of the Brillouin zone with phase winding 2π transform into a set of four Dirac cones, one with a winding number of π that remains at K and three that separate along the T lines with a winding number of -π. The most interesting discovery is that the cones at T separate in energy from the cone at K generating a Lifshitz transition visible by experiment. The study of the electronic structure using DFT and the interpretation of the results in terms of a tight-binding model show that the main effects of pressure are the following: (i) an increase of the direct A 1 B 2 hopping integrals t ⊥ . As a result, two bands are shifted away from the Dirac point improving the description of the system in terms of an effective two band model; (ii) an increase of the t 3 and t 4 hopping integrals. These parameters modify the low energy band structure generating four Dirac cones at the two corners of the BZ. An important effect is the breaking of the electron-hole symmetry; and (iii) a small charge transfer between the two non-equivalent sites of each plane, an effect that is not relevant when describing the low energy bands in terms of a simple two band model.
The resulting band structure is summarized in Fig. 4 where the energy-pressure plane is divided in five regions with different constant energy surfaces. Our estimates of the pressure dependence of the microscopic parameters are in good agreement with the zero pressure extrapolation as obtained in recent experimental works.
The evolution of the band structure with pressure can be measured by means of different experimental techniques. Although the small buckling of the graphene planes with pressure does not produce a significant increase of the spin-orbit coupling, valley Hall effect and the structure of the Landau levels show important changes unveiling the pressure induced Lifshitz transition.
We presented results of the Hall conductivity and show that this quantity is very sensitive to the pressure and to the carrier density. Variations in the Fermi level change the sign and the magnitude of the valley Hall response that is increased by a factor three as the carriers vary their origin from the single Dirac cone at K to the triple degenerate Dirac cones at T . The high sensitivity of this effect with pressure makes this structure a potential source for the design of a device for the detection of small pressure variations on two dimensional surfaces such as screen devices and joints.
The LLs evolve from a simple structure at low pressures to a rich spectrum at high pressures. The most notable effect is the breaking of the electron-hole symmetry and the lack of stability of the zero-LL modes, whereas all modes have a field dependent energy.
